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1. Introduction
Throughout this paper, we use the following notations.
C – the ﬁeld of complex numbers.
p – an odd rational prime number.
Zp – the ring of p-adic integers.
Qp – the ﬁeld of fractions of Zp .
Cp – the completion of a ﬁxed algebraic closure Qp of Q.
CZp – Qp\Zp .
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2978 M.-S. Kim, S. Hu / Journal of Number Theory 132 (2012) 2977–3015vp – the p-adic valuation of Cp normalized so that |p|p = p−vp(p) = p−1.
Z×p – the group of p-adic units.
We say that f : Zp → Cp is uniformly differentiable function at a point a ∈ Zp , and we write
f ∈ UD(Zp), if the difference quotients Φ f : Zp ×Zp →Cp such that
Φ f (x, y) = f (x) − f (y)x− y (1.1)
have a limit f ′(a) as (x, y) → (a,a), x = y (see [20, p. 221]).
Cohen and Friedman [5] constructed the p-adic analogue for Hurwitz zeta functions, and Raabe-
type formulas for the p-adic gamma and zeta functions from Volkenborn integrals satisfying the mod-
iﬁed difference equation. Here the Volkenborn integral of a function f : Zp →Cp with f ∈ UD(Zp) is
deﬁned by
∫
Zp
f (x)dx = lim
N→∞
1
pN
pN−1∑
x=0
f (x) (1.2)
(cf. [20, p. 264]). This integral was introduced by Volkenborn [24] and he also investigated many
important properties of p-adic valued functions deﬁned on the p-adic domain (see [24,25]). Recently,
Tangedal and Young [23] deﬁned p-adic multiple zeta and log gamma functions by using multiple
Volkenborn integrals, and developed many of their properties.
As shown by Cohen, the p-adic functions with nice properties are powerful tools for studying
many results of classical number theory in a straightforward manner, for instance strengthening of
almost all the arithmetic results on Bernoulli and Euler numbers, see Cohen [4, Chapter 11] or the
accounts in Iwasawa [7], Koblitz [14], Lang [15], Murty [17], Washington [26].
The fermionic p-adic integral I−1( f ) on Zp is deﬁned by
I−1( f ) =
∫
Zp
f (a)dμ−1(a) = lim
N→∞
pN−1∑
a=0
f (a)(−1)a, (1.3)
where f ∈ UD(Zp). This integral was introduced by Kim [12] in order to derive useful formulas in-
volving the Euler numbers and polynomials. It has also been deﬁned independently by Shiratani and
Yamamoto [22] in order to interpolate the Euler numbers p-adically. Osipov [19] gave a new proof of
the existence of the Kubota–Leopoldt p-adic zeta function by using the integral representation
Iε( f ) =
∫
Zp
f (a)dμε(a) = lim
N→∞
plN−1∑
a=0
f (a)εa, (1.4)
where f ∈ UD(Zp), εk = 1, ε = 1, (k, p) = 1, and k | (pl − 1). Note that when k = 2, Iε( f ) is the
fermionic p-adic integral I−1( f ) on Zp . Recently, the fermionic p-adic integral I−1( f ) on Zp is used
by the ﬁrst author to give a brief proof of Stein’s classical result on Euler numbers modulo power of
two [10], it has also been used by Maïga [16] to give some new identities and congruences concerning
Euler numbers and polynomials.
In 1749, Euler gave a paper to the Berlin Academy entitled Remarques sur un beau rapport entre les
séries des puissances tant directes que réciproques. In this paper, he studied
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∞∑
n=1
(−1)n
ns
(see [1, p. 1081]).
For s ∈ C and Re(s) > 0, the Euler zeta function and the Hurwitz-type Euler zeta function are
deﬁned by
ζE(s) = 2
∞∑
n=1
(−1)n
ns
, and ζE(s, x) = 2
∞∑
n=0
(−1)n
(n + x)s
respectively (see [1,8,12,13,18]). Notice that the Euler zeta functions can be analytically continued to
the whole complex plane, and these zeta functions have the values of the Euler numbers or the Euler
polynomials at negative integers.
In this paper, by using the fermionic p-adic integral I−1( f ) on Zp we deﬁne the p-adic Hurwitz-
type Euler zeta functions following Cohen’s approach in [4, Chapter 11] and Tangedal–Young’s ap-
proach in [23].
Our paper is organized as follows.
In Section 2, we recall the relationship between the fermionic p-adic integral I−1( f ) on Zp and
the Euler numbers and polynomials. And we also prove three fundamental formulas for the fermionic
p-adic integral I−1( f ) on Zp (see Theorem 2.2 below). These three formulas will be used to get the
main results of this paper.
In Section 3, we give the deﬁnition for the p-adic Hurwitz-type Euler zeta function for x ∈Cp\Zp .
By computing the values of this kind of p-adic zeta function at negative integers, we show that it in-
terpolates the Euler polynomials p-adically (see Theorem 3.8 below). We also obtain many properties
for p-adic Hurwitz-type Euler zeta function for x ∈ Cp\Zp , including the convergent Laurent series
expansion, the distribution formula, the functional equation, the derivative formula, the p-adic Raabe
formula and so on.
In Section 4, we give the deﬁnition for the p-adic Hurwitz-type Euler zeta function for x ∈ Zp
using characters modulo pv . We also obtain many properties for the p-adic Hurwitz-type Euler zeta
function for x ∈ Zp , including the distribution formula, the functional equation, the reﬂection formula,
the derivative formula, the p-adic Raabe formula and so on. By using the p-adic Hurwitz-type Euler
zeta function, we also gave a new deﬁnition for the p-adic Euler L-function for characters modulo pv .
We show that in this case the deﬁnition is equivalent to the ﬁrst author’s previous deﬁnition in [11].
In [11], the ﬁrst author proposed a construction of p-adic Euler L-function for Dirichlet characters
with odd conductors using Kubota–Leopoldt’s approach. We also show that the p-adic Hurwitz-type
Euler zeta function can be represented as the p-adic Euler L-functions using the power series expan-
sion under certain conditions.
In Section 5, we deﬁne the p-adic Euler L-functions for any Dirichlet characters by using the p-adic
Hurwitz-type Euler zeta functions. By computing the values of the p-adic Euler L-functions at negative
integers, we show that for Dirichlet characters with odd conductor, this deﬁnition is equivalent to the
ﬁrst author’s previous deﬁnition in [11]. We also study the behavior of p-adic Euler L-functions at
positive integers. We show that most of the results in Section 11.3.3 of Cohen’s book [4] are also
established if we replace the generalized Bernoulli numbers with the generalized Euler numbers.
Since Euler numbers has the connections with class numbers of imaginary quadratic ﬁelds due to
Carlitz [2] and class numbers of general cyclic quartic ﬁelds due to Xianke Zhang [27], we believe
some results in this paper may have potential applications in algebraic number theory.
2. Euler numbers and polynomials in p-adic analysis
In this section, we shall recall the relationship between the fermionic p-adic integral I−1( f ) on
Zp and the Euler numbers and polynomials, for details, we refer to [10]. Let X ⊂ Cp be an arbitrary
subset closed under x → x+ a for a ∈ Zp and x ∈ X . In particular, X could be Cp \Zp , Qp \Zp or Zp .
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is uniformly differentiable on Zp . Denote by f1(x) = f (x+1). Let  be the difference operator deﬁned
by ( f )(a) = f (a + 1) − f (a) and put (∇ f )(a) = f (a) − f (a − 1). The following three properties of
the fermionic p-adic integral I−1( f ) on Zp can be directly derived from the deﬁnition:∫
Zp
f (x+ a)dμ−1(a) = 2 f (x− 1) −
∫
Zp
( f1)
−1(x+ a)dμ−1(a); (2.1)
∫
Zp
f (x+ a)dμ−1(a) = f (x) − 1
2
∫
Zp
( f )(x+ a)dμ−1(a); (2.2)
∫
Zp
f (x+ a)dμ−1(a) = f (x− 1) + 1
2
∫
Zp
(∇ f )(x+ a)dμ−1(a). (2.3)
In the p-adic theory (2.1)–(2.3) are the characterization integral equations of the Euler numbers
and polynomials: If we put f (a) = eat in (2.1)–(2.3), we get
∫
Zp
eat dμ−1(a) +
∫
Zp
e(a−1)t dμ−1(a) = 2e−t, (2.4)
whence we may immediately deduce the following
ext
∫
Zp
eat dμ−1(a) =
∞∑
m=0
En(x)
tn
n! , (2.5)
where t ∈ Cp such that |t|p < p−1/(p−1) and En(x) are the Euler polynomials. Therefore by (2.5), we
get
∫
Zp
(x+ a)n dμ−1(a) = En(x). (2.6)
If we put f (a) = e(2a+1)t with t ∈Cp such that |t|p < p−1/(p−1) in (2.1)–(2.3), we get∫
Zp
e(2(a+1)+1)t dμ−1(a) +
∫
Zp
e(2a+1)t dμ−1(a) = 2et,
whence we may immediately deduce the following
∫
Zp
e(2a+1)t dμ−1(a) =
∞∑
m=0
En
tn
n! , (2.7)
where En are the Euler numbers. By (2.6) and (2.7), we have the identity
En =
∫
Zp
(2a + 1)n dμ−1(a)
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En = 2n
∫
Zp
(
a + 1
2
)n
dμ−1(a) = 2n
n∑
k=0
(
n
k
)(
1
2
)n−k
Ek(0) (2.8)
and
En(0) = 2−n
∫
Zp
(2a + 1− 1)n dμ−1(a)
= 2−n
n∑
k=0
(
n
k
)
(−1)n−k Ek. (2.9)
Taking f (a) = e−(a+1)t in (2.1)–(2.3), we ﬁnd
∫
Zp
e−(a+2)t dμ−1(a) +
∫
Zp
e−(a+1)t dμ−1(a) = 2e−t . (2.10)
It is easy to see from (2.4) that (2.10) satisﬁes
∫
Zp
e−(a+1)t dμ−1(a) = 2e
−t
e−t + 1 =
2
et + 1 =
∫
Zp
eat dμ−1(a). (2.11)
Combining (2.5) and (2.11), we have
∞∑
n=0
∫
Zp
(x+ a)n dμ−1(a) (−t)
n
n! = e
(1−x)t
∫
Zp
e−(a+1)t dμ−1(a)
= e(1−x)t
∫
Zp
eat dμ−1(a)
=
∞∑
n=0
∫
Zp
(1− x+ a)n dμ−1(a) t
n
n! ,
so that
(−1)n
∫
Zp
(x+ a)n dμ−1(a) =
∫
Zp
(1− x+ a)n dμ−1(a) (2.12)
or equivalently
En(x) = (−1)nEn(1− x), (2.13)
which amounts to En(1/2) = 0 for odd n. From (2.6), (2.8) and (2.13), we see that E2n+1 =
22n+1E2n+1(1/2) = 0 for n 0. Therefore we have the results as follows:
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(1) I−1((x+ a)n) =
∫
Zp
(x+ a)n dμ−1(a) = En(x).
(2) I−1((2a + 1)n) =
∫
Zp
(2a + 1)n dμ−1(a) = En.
(3) En = 2n∑nk=0 (nk)( 12 )n−k Ek(0).
(4) En(0) = 2−n∑nk=0 (nk)(−1)n−k Ek.
(5) En(x) = (−1)nEn(1− x).
(6) E2n+1 = 0.
Theorem 2.2. For any f ∈ UD(Zp), the fermionic p-adic integral onZp satisﬁes the following three properties:
(1)
∫
Zp
f (a + 1)dμ−1(a) +
∫
Zp
f (a)dμ−1(a) = 2 f (0).
(2)
∫
Zp
f (a + 1)dμ−1(a) =
∫
Zp
f (−a)dμ−1(a).
(3)
∫
Zp
f (a)dμ−1(a) =∑m−1j=0 (−1) j ∫Zp f ( j +ma)dμ−1(a), where m is an odd integer.
Proof. (1) From (1.3), we have
∫
Zp
f (a + 1)dμ−1(a) = lim
N→∞
pN−1∑
a=0
f (a + 1)(−1)a
= − lim
N→∞
pN∑
a=1
f (a)(−1)a
= − lim
N→∞
( pN−1∑
a=0
f (a)(−1)a − f (0) − f (pN)
)
= −
∫
Zp
f (a)dμ−1(a) + 2 f (0),
which proves (1).
(2) Consider
pN−1∑
a=0
f (a + 1)(−1)a −
pN−1∑
a=0
f (−a)(−1)a = f (1) − f (2) + · · · + f (pN)
− ( f (0) − f (−1) + · · · + f (1− pN))
= ( f (pN)− f (0))+ (− f (pN − 1)+ f (−1))
+ ( f (pN − 2)− f (−2))+ · · · + ( f (1) − f (1− pN)).
Then we have
∣∣∣∣∣
pN−1∑
f (a + 1)(−1)a −
pN−1∑
f (−a)(−1)a
∣∣∣∣∣  max0 jpN−1
∣∣ f (pN − j)− f (− j)∣∣p . (2.14)
a=0 a=0 p
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exists a positive integer N0, such that for any N  N0 and any x ∈ Zp , we obtain
∣∣ f (pN − x)− f (−x)∣∣p  ε. (2.15)
From (2.14) and (2.15), for any N  N0, we have
∣∣∣∣∣
pN−1∑
a=0
f (a + 1)(−1)a −
pN−1∑
a=0
f (−a)(−1)a
∣∣∣∣∣
p
 ε,
thus
lim
N→∞
pN−1∑
a=0
f (a + 1)(−1)a = lim
N→∞
pN−1∑
a=0
f (−a)(−1)a,
giving (2).
(3) Note that if m is odd, then we have (−1) j+ma = (−1) j+a and
m−1∑
j=0
(−1) j
pN−1∑
a=0
f ( j +ma)(−1)a =
m−1∑
j=0
pN−1∑
a=0
f ( j +ma)(−1) j+ma
=
mpN−1∑
a′=0
f
(
a′
)
(−1)a′ .
Letting N → ∞ in the above equality, we get our result. 
3. The p-adic Hurwitz-type Euler zeta functions
Before passing to the p-adic theory, we take a quick look at the complex analytic Hurwitz-type
Euler zeta function ζE (s, x).
Deﬁnition 3.1. We deﬁne the Hurwitz-type Euler zeta function ζE (s, x) for x ∈ R>0 and s ∈ C with
Re(s) > 0 by
ζE(s, x) = 2
∞∑
n=0
(−1)n
(n + x)s .
It is known that ζE (s, x) can be extended to the whole s-plane by means of contour integral (see [13]).
For x ∈R>0 and m 0, the formula
ζE(−m, x) = Em(x) (3.1)
holds (cf. [13]). This identity (3.1) obtained earlier in the course of Euler’s proof for the values at
non-positive integer arguments of the Riemann zeta function ζ(s) =∑∞n=1 1/ns (cf. [1,8]). From (2.6)
and (3.1), we have
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Zp
(x+ a)m dμ−1(a) = Em(x) = ζE(−m, x). (3.2)
This is used to construct a p-adic Hurwitz-type Euler zeta function.
Given x ∈ Zp , p  x and p > 2, there exists a unique (p − 1)th root of unity ω(x) ∈ Zp such that
x ≡ ω(x) (mod p),
where ω is the Teichmüller character. Let 〈x〉 = ω−1(x)x, so 〈x〉 ≡ 1 (mod p).
Next we deﬁne the projection 〈x〉 for all x ∈ C×p , as was done by Kashio [9] and by Tangedal and
Young in [23].
Fixing an embedding of Q into Cp , pQ denotes the image in C×p of the set of positive real rational
powers of p under this embedding, μ denotes the group of roots of unity in C×p of order not divisible
by p. For x ∈ Cp , |x|p = 1, there exists a unique element xˆ ∈ μ such that |x − xˆ|p < 1 (called the
Teichmüller representative of x); it may be deﬁned by
xˆ = lim
n→∞ x
pn! .
We extend this deﬁnition to x ∈C×p by
xˆ := ( ̂x/pvp (x)), (3.3)
that is, we deﬁne xˆ = uˆ if x = pru with pr ∈ pQ and |u|p = 1, then we deﬁne the function 〈·〉 on C×p
by
〈x〉 = p−vp(x)x/xˆ,
and we also deﬁne ωv(·) on C×p by
ωv(x) = x〈x〉 .
From this we get an internal product decomposition of multiplicative groups
C×p  pQ × μ × D (3.4)
where D = {x ∈Cp: |x− 1|p < 1}, given by
x = pvp(x) · xˆ · 〈x〉 → (pvp(x), xˆ, 〈x〉). (3.5)
As remarked by Tangedal and Young in [23], this decomposition of C×p depends on the choice of
embedding of Q into Cp ; the projections pvp(x), xˆ, 〈x〉 are uniquely determined up to roots of unity.
However for x ∈ Q×p the projections pvp(x), xˆ, 〈x〉 are uniquely determined and do not depend on the
choice of the embedding. Notice that the projections x → pvp(x) and x → xˆ are constant on discs of
the form {x ∈Cp: |x− y|p < |y|p} and therefore have derivative zero whereas the projections x → 〈x〉
has derivative ddx 〈x〉 = 〈x〉/x.
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〈x〉s =
∞∑
n=0
(
s
n
)(〈x〉 − 1)n (3.6)
when this sum is convergence.
Proposition 3.2. (See Tangedal and Young [23].) For any x ∈ C×p the function s → 〈x〉s is a C∞ function of s
on Zp and is analytic on a disc of positive radius about s = 0; on this disc it is locally analytic as a function
of x and independent of the choice made to deﬁne the 〈·〉 function. If x lies in a ﬁnite extension K of Qp whose
ramiﬁcation index over Qp is less than p − 1 then s → 〈x〉s is analytic for |s|p < |π |−1p p−1/(p−1) , where (π)
is the maximal ideal of the ring of integers O K of K . If s ∈ Zp , the function s → 〈x〉s is an analytic function of x
on any disc of the form {x ∈Cp: |x− y|p < |y|p}.
Deﬁnition 3.3. For x ∈Cp\Zp , we deﬁne the p-adic Hurwitz-type Euler zeta function ζp,E(s, x) by the
equivalent formulas
ζp,E(s, x) =
∫
Zp
〈x+ a〉1−s dμ−1(a).
Theorem 3.4. For any choice of x ∈ Cp\Zp the function ζp,E(s, x) is a C∞ function of s on Zp , and is an
analytic function of s on a disc of positive radius about s = 0; on this disc it is locally analytic as a function of x
and independent of the choice made to deﬁne the 〈·〉 function. If x is so chosen to lie in a ﬁnite extension K of
Qp whose ramiﬁcation index over Qp is less than p − 1 then ζp,E(s, x) is analytic for |s|p < |π |−1p p−1/(p−1) .
If s ∈ Zp , the function ζp,E(s, x) is locally analytic as a function of x on Cp\Zp .
Remark 3.5. Tangedal and Young proved the similar results for p-adic multiple zeta functions (see [23,
Theorem 3.1]).
Proof of Theorem 3.4. This follows from Proposition 3.2 and deﬁnition of ζp,E(s, x). 
Theorem 3.6. Suppose x ∈Cp and |x|p > 1. Then there is an identity of analytic functions
ζp,E(s, x) =
∫
Zp
〈x+ a〉1−s dμ−1(a)
= 〈x〉1−s
∞∑
i=0
(
1− s
i
)
Ei(0)
1
xi
on a disc of positive radius about s = 0. If in addition x is so chosen to lie in a ﬁnite extension K of Qp
whose ramiﬁcation index over Qp is less than p − 1, then this formula is valid for s in Cp such that |s|p <
|π |−1p p−1/(p−1) , where (π) is the maximal ideal of the ring of integers O K of K .
Remark 3.7. Tangedal and Young proved the similar results for p-adic multiple zeta functions (see [23,
Theorem 4.1]). We follow their methods to prove this theorem.
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〈x+ a〉1−s = 〈x〉1−s
∞∑
i=0
(
1− s
i
)
ai
1
xi
(3.7)
as an identity of analytic functions. From Proposition 2.1(1) we have
∫
Zp
an dμ−1(a) = En(0).
Then we integrate (3.7) with respect to a and obtain
ζp,E(s, x) =
∫
Zp
〈x+ a〉1−s dμ−1(a)
= 〈x〉1−s
∞∑
i=0
(
1− s
i
)
Ei(0)
1
xi
.
We obtain the ﬁnal statement. 
Theorem 3.8. Suppose that x ∈Cp and |x|p > 1.
(1) For m ∈ Z \ {0},
ζp,E(1+m, x) = ωmv (x)
∫
Zp
1
(x+ a)m dμ−1(a).
(2) For m ∈N,
ζp,E(1−m, x) = 1
ωmv (x)
Em(x) = 1
ωmv (x)
ζE(−m, x).
Proof. (1) Note that
ζp,E(1+m, x) =
∫
Zp
〈x+ a〉−m dμ−1(a). (3.8)
Since x+ a = ωv(x+ a)〈x+ a〉 and |x|p > 1, |a|p  1, we have ωv (x+ a) = ωv(x) and
x+ a = ωv(x)〈x+ a〉. (3.9)
From (3.8) and (3.9), we complete the proof.
(2) Note that
ζp,E(1−m, x) =
∫
Zp
〈x+ a〉m dμ−1(a). (3.10)
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ζp,E(1−m, x) = ωv(x)−m
∫
Zp
(x+ a)m dμ−1(a).
Using Proposition 2.1(1) and (3.1), we get our result. 
Theorem 3.9. Suppose that x ∈Cp\Zp . We have
ζp,E(1, x) = 1.
Proof. By Deﬁnition 3.3, we have
ζp,E(1, x) =
∫
Zp
dμ−1(a) = lim
N→∞
pN−1∑
a=0
(−1)a = 1.
This completes the proof. 
Theorem 3.10. The function ζp,E (s, x) has the following properties.
(1) For all x ∈Cp\Zp the function ζp,E(s, x) satisﬁes the functional equation
ζp,E(s, x+ 1) + ζp,E(s, x) = 2x
ωv(x)〈x〉s .
(2) For all x ∈Cp\Zp we have the reﬂection functional equation
ζp,E(s,1− x) = ζp,E(s, x).
(3) For all x ∈Cp\Zp and an odd positive integer m we have the distribution formula
ζp,E(s,mx) = 〈m〉1−s
m−1∑
j=0
(−1) jζp,E
(
s, x+ j
m
)
.
(4) For all x ∈Cp and |x|p > 1 we have that the derivative formula
∂
∂x
ζp,E(s, x) = 1− s
ωv(x)
ζp,E(s + 1, x)
holds if s ∈ Zp ; this identity also holds for
|s|p < |π |−1p p−1/(p−1)
if x lies in a ﬁnite extension K ofQp whose ring of integers has maximal ideal (π) with ramiﬁcation index
over Qp less than p − 1.
Remark 3.11. Tangedal and Young proved the similar results for p-adic multiple zeta functions
(see [23, Theorem 3.2(i), (iii), (iv), (vi)]).
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∫
Zp
f (a + 1)dμ−1(a) +
∫
Zp
f (a)dμ−1(a) = 2 f (0).
Let f (a) = 〈x+ a〉1−s in the above equality, then we get
ζp,E(s, x+ 1) + ζp,E(s, x) = 2〈x〉1−s = 2x
ωv(x)〈x〉s ,
since x = ωv(x)〈x〉.
(2) From Theorem 2.2(2), for any f ∈ UD(Zp), we have
∫
Zp
f (a + 1)dμ−1(a) =
∫
Zp
f (−a)dμ−1(a).
Let f (a) = 〈x− 1+ a〉1−s in the above equality. Then
ζp,E(s, x) =
∫
Zp
〈x+ a〉1−s dμ−1(a)
=
∫
Zp
f (a + 1)dμ−1(a)
=
∫
Zp
f (−a)dμ−1(a)
=
∫
Zp
〈x− 1− a〉1−s dμ−1(a)
=
∫
Zp
〈1− x+ a〉1−s dμ−1(a)
= ζp,E(s,1− x),
since 〈x〉 = 〈−x〉.
(3) From Theorem 2.2(3), for any f ∈ UD(Zp), we have
∫
Zp
f (a)dμ−1(a) =
m−1∑
j=0
(−1) j
∫
Zp
f ( j +ma)dμ−1(a).
Let f (a) = 〈mx+ a〉1−s in the above equality. Then
ζp,E(s,mx) =
∫
Zp
〈mx+ a〉1−s dμ−1(a)
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∫
Zp
f (a)dμ−1(a)
=
m−1∑
j=0
(−1) j
∫
Zp
f ( j +ma)dμ−1(a)
=
m−1∑
j=0
(−1) j
∫
Zp
〈mx+ j +ma〉1−s dμ−1(a)
= 〈m〉1−s
m−1∑
j=0
(−1) jζp,E
(
s, x+ j
m
)
.
(4) Since
∂
∂x
〈x+ a〉s = s〈x+ a〉s(x+ a)−1 = s 〈x+ a〉
s−1
ωv(x)
,
we have
∂
∂x
ζp,E(s, x) = ∂
∂x
∫
Zp
〈x+ a〉1−s dμ−1(a)
=
∫
Zp
∂
∂x
〈x+ a〉1−s dμ−1(a)
= 1− s
ωv(x)
∫
Zp
〈x+ a〉1−(s+1) dμ−1(a).
This completes the proof. 
Theorem 3.12. Suppose x/u ∈Cp , |x/u|p > 1 and |x|p > 1. Then there is an identity
ζp,E(s, x+ u) = 〈x〉1−s
∞∑
i=0
(
1− s
i
)
Ei(u)
1
xi
on a disc of positive radius about s = 0. If in addition x + u is so chosen to lie in a ﬁnite extension K of
Qp whose ramiﬁcation index over Qp is less than p − 1, then this formula is valid for s in Cp such that
|s|p < |π |−1p p−1/(p−1) , where (π) is the maximal ideal of the ring of integers O K of K .
Proof. Since |x/u|p > 1 and |x|p > 1, we have
|x+ u|p = |x|p|1+ u/x|p > 1
and ζp,E(s, x+ u) is well deﬁned. Thus by Theorem 3.6, there is an identity of analytic functions
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∞∑
i=0
(
1− s
i
)
Ei(0)
1
(x+ u)i (3.11)
on a disc of positive radius about s = 0. If in addition x + u is so chosen to lie in a ﬁnite extension
K of Qp whose ramiﬁcation index over Qp is less than p − 1, then this formula is valid for s in Cp
such that |s|p < |π |−1p p−1/(p−1) , where (π) is the maximal ideal of the ring of integers O K of K .
Since |x/u|p > 1, we can write 〈x+ u〉 = 〈x〉(1+ u/x). Thus by (3.11), we have
ζp,E(s, x+ u) = 〈x+ u〉1−s
∞∑
i=0
(
1− s
i
)
Ei(0)
1
(x+ u)i
= 〈x〉1−s
∞∑
i=0
(
1− s
i
)
Ei(0)
1
xi
(
1+ u
x
)1−s−i
= 〈x〉1−s
∞∑
i=0
(
1− s
i
)
Ei(0)
1
xi
∞∑
j=0
(
1− s − i
j
)
u j
1
x j
= 〈x〉1−s
∞∑
n=0
n∑
i=0
(
1− s
i
)(
1− s − i
n − i
)
Ei(0)u
n−i 1
xn
= 〈x〉1−s
∞∑
n=0
(
1− s
n
)
1
xn
n∑
i=0
(
n
i
)
Ei(0)u
n−i
= 〈x〉1−s
∞∑
n=0
(
1− s
n
)
En(u)
1
xn
,
the ﬁfth equality follows from
(1−s
i
)(1−s−i
n−i
)= (1−sn )(ni), and so the result is established. 
We now prove a Raabe formula for ζp,E (cf. [5, Proposition 3.1]).
Theorem 3.13. Suppose x ∈Cp and |x|p > 1. Then there is an identity∫
Zp
ζp,E(s, x+ a)dμ−1(a) = 2(1− x)ζp,E (s, x) + 2ωv(x)ζp,E (s − 1, x)
on a disc of positive radius about s = 0. If in addition x is so chosen to lie in a ﬁnite extension K of Qp
whose ramiﬁcation index over Qp is less than p − 1, then this formula is valid for s in Cp such that |s|p <
|π |−1p p−1/(p−1) , where (π) is the maximal ideal of the ring of integers O K of K .
Proof. Note that
1
2
(
2ext
et + 1
)2
= 2(1− 2x)e
2xt
et + 1 +
d
dt
(
2e2xt
et + 1
)
(cf. [6]). From (2.5) and (2.6), we get the identity
n∑(n
i
)
Ei(x)En−i(x) = 2
(
(1− 2x)En(2x) + En+1(2x)
)
, n 0. (3.12)i=0
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∫
Zp
En(a)dμ−1(a) =
n∑
i=0
(
n
i
)
En−i(0)
∫
Zp
ai dμ−1(a)
= 2(En(0) + En+1(0)),
since En(a) =∑ni=0 (ni)En−i(0)ai . From Theorem 3.12, it follows that
∫
Zp
ζp,E(s, x+ a)dμ−1(a) = 〈x〉1−s
∞∑
i=0
(
1− s
i
)
1
xi
∫
Zp
Ei(a)dμ−1(a)
= 2〈x〉1−s
∞∑
i=0
(
1− s
i
)
1
xi
(
Ei(0) + Ei+1(0)
)
= 2ζp,E(s, x) + 2〈x〉1−s
∞∑
i=0
(
1− s
i
)
1
xi
Ei+1(0). (3.13)
In the following, we shall use ∂
∂x to rewrite the function
〈x〉1−s
∞∑
i=0
(
1− s
i
)
x−i Ei+1(0)
in the right-hand side of (3.13). From Theorem 3.6, we have
ζp,E(s, x) = 〈x〉1−s + 〈x〉1−s
∞∑
i=0
(
1− s
i + 1
)
Ei+1(0)
1
xi+1
.
Therefore, since (i + 1)(1−si+1)= (1− s)(−si ), we have the following
∂
∂x
ζp,E(s, x) = ∂
∂x
〈x〉1−s +
(
∂
∂x
〈x〉1−s
) ∞∑
i=0
(
1− s
i + 1
)
Ei+1(0)
1
xi+1
+ 〈x〉1−s ∂
∂x
( ∞∑
i=0
(
1− s
i + 1
)
Ei+1(0)
1
xi+1
)
= (1− s) 〈x〉
1−s
x
(
1+
∞∑
i=1
(
1− s
i
)
Ei(0)
1
xi
)
+ 〈x〉1−s
∞∑
i=0
(
1− s
i + 1
)
(−i − 1)Ei+1(0) 1
xi+2
= (1− s) 〈x〉
1−s
x
∞∑(1− s
i
)
Ei(0)
1
xi
i=0
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1−s
x2
∞∑
i=0
(−s
i
)
Ei+1(0)
1
xi
= (1− s)
x
ζp,E(s, x) − (1− s) 〈x〉
1−s
x2
∞∑
i=0
(−s
i
)
Ei+1(0)
1
xi
.
Put s = s − 1 in this identity. Then we have
∂
∂x
ζp,E(s − 1, x) = (2− s)
(
1
x
ζp,E(s − 1, x) − 〈x〉
2−s
x2
∞∑
i=0
(
1− s
i
)
1
xi
Ei+1(0)
)
. (3.14)
Hence
〈x〉1−s
∞∑
i=0
(
1− s
i
)
1
xi
Ei+1(0) = x
2
〈x〉
(
1
x
ζp,E(s − 1, x) − 1
2− s
∂
∂x
ζp,E(s − 1, x)
)
.
Substituting this identity in (3.13), we get our result by using Theorem 3.10(4). 
4. The p-adic Hurwitz-type Euler zeta functions for x ∈Zp
Let χ be a Dirichlet character modulo pv for some v . We can extend the deﬁnition of χ to Zp as
in [4, p. 281]. In this section we deﬁne the p-adic Hurwitz-type Euler zeta functions for x ∈ Zp .
Deﬁnition 4.1. Let χ be a character modulo pv with v  1. If x ∈ Zp and s ∈Cp such that |s|p < Rp =
p(p−2)/(p−1) we deﬁne
ζp,E(χ, s, x) =
∫
Zp
χ(x+ a)〈x+ a〉1−s dμ−1(a),
and we will simply write ζp,E(s, x) instead of ζp,E (χ0, s, x), where χ0 is a trivial character modulo pv .
We show that this deﬁnition makes sense. First we prove the following lemma on the change of
variable for fermionic p-adic integrals which is an analogy of Lemma 11.2.3 in [4] on the change of
variable for Volkenborn p-adic integrals.
Lemma 4.2. Let χ be a character modulo pv , let f be a function deﬁned for v p(x) < −v such that for ﬁxed x
the function f (x+ a) is in UD(Zp), and set
g(x) =
∫
Zp
f (x+ a)dμ−1(a).
Then for x ∈ Zp we have
pv−1∑
j=0
χ(x+ j)g
(
x+ j
pv
)
(−1) j =
∫
Zp
χ(x+ a) f
(
x+ a
pv
)
dμ−1(a).
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pv−1∑
j=0
χ(x+ j)g
(
x+ j
pv
)
(−1) j = lim
N→∞
pv−1∑
j=0
χ(x+ j)(−1) j
pN−1∑
a=0
f
(
a + x+ j
pv
)
(−1)a
= lim
N→∞
pv+N−1∑
m=0
χ(x+m) f
(
x+m
pv
)
(−1)m
=
∫
Zp
χ(x+ a) f
(
x+ a
pv
)
dμ−1(a).
This completes the proof. 
Corollary 4.3.Deﬁnition 4.1makes sense for x ∈ Zp and |s|p < Rp . More precisely, for any odd positive integer
M such that pv | M, we have
ζp,E(χ, s, x) =
M−1∑
j=0
χ(x+ j)ζp,E
(
s,
x+ j
M
)
(−1) j .
Proof. First, we prove this corollary for M = pv . Applying the above lemma to f (x) = 〈x〉1−s , we have
g(x) =
∫
Zp
〈x+ a〉1−s dμ−1(a) = ζp,E(s, x),
thus
pv−1∑
j=0
χ(x+ j)ζp,E
(
s,
x+ j
pv
)
(−1) j = 〈pv 〉s−1 ∫
Zp
χ(x+ a)〈x+ a〉1−s dμ−1(a)
= ζp,E(χ, s, x), (4.1)
since 〈pv 〉 = 1. For a general odd positive integer M , we write M = Npv and j = pva + b with 0 
b < pv and 0 a < N , so that
M−1∑
j=0
χ(x+ j)ζp,E
(
s,
x+ j
M
)
(−1) j =
pv−1∑
b=0
χ(x+ b)(−1)b
N−1∑
a=0
ζp,E
(
s,
x+ b
Npv
+ a
N
)
(−1)a
=
pv−1∑
b=0
χ(x+ b)ζp,E
(
s,
x+ b
pv
)
(−1)b
= ζp,E(χ, s, x),
using Theorem 3.10(3) and (4.1). 
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ζp,E(χ,1, x) =
pv−1∑
j=0
χ(x+ j)(−1) j.
Proof.
ζp,E(χ,1, x) =
pv−1∑
j=0
χ(x+ j)ζp,E
(
1,
x+ j
pv
)
(−1) j =
pv−1∑
j=0
χ(x+ j)(−1) j
using Corollary 4.3 and Theorem 3.9. 
Corollary 4.5. Let χ be a character modulo pv . Then for any x ∈Qp and any odd positive integer N such that
pv | N and Nx ∈ Zp we have
N−1∑
j=0
χ(Nx+ j)ζp,E
(
s, x+ j
N
)
(−1) j = ζp,E(χ, s,Nx).
In particular,
N−1∑
j=0
p(Nx+ j)
ζp,E
(
s, x+ j
N
)
(−1) j = ζp,E(s,Nx),
where we recall that we have deﬁned ζp,E(s, x) = ζp,E (χ0, s, x) when x ∈ Zp .
Proof. It follows from Corollary 4.3 by letting M = N and replacing x by Nx. 
We now begin to study the properties for the functions ζp,E(χ, s, x) for x ∈ Zp .
Proposition 4.6. If x ∈ Zp we have
∂ζp,E
∂x
(χ, s, x) = (1− s)ζp,E
(
χω−1, s + 1, x).
Proof. By Corollary 4.3 and Theorem 3.10(4) we have
∂ζp,E
∂x
(χ, s, x) = (1− s)
pv−1∑
j=0
χ(x+ j)
pvωv(
x+ j
pv )
ζp,E
(
s + 1, x+ j
pv
)
(−1) j
= (1− s)
pv−1∑
j=0
χω−1(x+ j)ζp,E
(
s + 1, x+ j
pv
)
(−1) j
= (1− s)ζp,E
(
χω−1, s + 1, x).
This completes the proof. 
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Proof. This is from Corollary 4.3 and Theorem 3.6. 
Corollary 4.8.We have
∂ζp,E
∂x
(χω,0, x) =
pv−1∑
j=0
χ(x+ j)(−1) j .
Proof. By Proposition 4.6, Proposition 4.7 and Corollary 4.4 we have
∂ζp,E
∂x
(χω,0, x) = lim
s→0
∂ζp,E
∂x
(χω, s, x)
= lim
s→0(1− s)ζp,E (χ, s + 1, x)
= ζp,E(χ,1, x)
=
pv−1∑
j=0
χ(x+ j)(−1) j .
This completes the proof. 
Proposition 4.9. For k > 0 we have
ζp,E
(
χωk,1− k, x)= pvk p
v−1∑
j=0
χ(x+ j)Ek
(
x+ j
pv
)
(−1) j .
Proof. By Corollary 4.3 and Theorem 3.8(2) we have
ζp,E
(
χωk,1− k, x)= p
v−1∑
j=0
χωk(x+ j)ζp,E
(
1− k, x+ j
pv
)
(−1) j
=
pv−1∑
j=0
χωk(x+ j)ωv
(
x+ j
pv
)−k
Ek
(
x+ j
pv
)
(−1) j
= pvk
pv−1∑
j=0
χ(x+ j)Ek
(
x+ j
pv
)
(−1) j .
This completes the proof. 
Theorem 4.10. Let x ∈ Zp and |s|p < Rp .
(1) We have the functional equation
ζp,E(χ, s, x+ 1) + ζp,E(χ, s, x) = 2χ(x)〈x〉1−s.
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ζp,E(χ, s,1− x) = χ(−1)ζp,E (χ, s, x).
(3) Set
Lp,E (χ, s) = ζp,E(χ, s,0).
If χ is an even character we have Lp,E(χ, s) = 0, and more generally if n is a positive integer we have
ζp,E(χ, s,n) = χ(−1)
(
2
n−1∑
j=1
(−1) j+1χ( j − n)
〈 j − n〉s−1 + (−1)
n+1Lp,E(χ, s)
)
.
(4) If p  N and N is odd we have the distribution formula
N−1∑
i=0
ζp
(
χ, s, x+ i
N
)
(−1)i = χ−1(N)ζp,E(χ, s,Nx).
Remark 4.11. If χ is a character modulo pv , then we have
Lp,E (χ, s) = ζp,E(χ, s,0)
=
∫
Zp
〈a〉1−sχ(a)dμ−1(a)
= lim
N→∞
pN−1∑
a=0
〈a〉1−sχ(a)(−1)a
= lim
N→∞
pN−1∑
a=0
pa
〈a〉1−sχ(a)(−1)a, (4.2)
so the deﬁnition of Lp,E(χ, s) in (3) is the same as the ﬁrst author’s deﬁnition of Lp,E(χ, s) using
Kubota–Leopoldt’s approach (see [11, p. 6]).
Proof of Theorem 4.10. (1) By deﬁnition we have
ζp,E(χ, s, x+ 1) + ζp,E(χ, s, x)
= lim
N→∞
(
−
pN∑
j=1
χ(x+ j)〈x+ j〉1−s(−1) j +
pN−1∑
j=0
χ(x+ j)〈x+ j〉1−s(−1) j
)
= lim
N→∞
(
χ(x)〈x〉1−s + χ(x)〈x+ pN 〉1−s)
= 2χ(x)〈x〉1−s,
since f (x) = 〈x〉1−s is continuous for |s|p  Rp (see [26, p. 54]).
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ζp,E(χ, s,1− x) =
pv−1∑
j=0
χ(1− x+ j)ζp,E
(
s,
1− x+ j
pv
)
(−1) j
=
pv−1∑
i=0
χ
(
pv − i − x)ζp,E
(
s,1− x+ i
pv
)
(−1)i
= χ(−1)
pv−1∑
i=0
χ(x+ i)ζp,E
(
s,1− x+ i
pv
)
(−1)i
= χ(−1)
pv−1∑
i=0
χ(x+ i)ζp,E
(
s,
x+ i
pv
)
(−1)i
= χ(−1)ζp,E(χ, s, x).
(3) From (1), we have
ζp,E(χ, s,1) = −ζp,E (χ, s,0)
for any character. If χ(−1) = 1, we have ζp,E (χ, s,1) = ζp,E(χ, s,0) by (2), thus
Lp,E (χ, s) = ζp,E(χ, s,0) = 0.
For any positive integer n, we have
ζp,E(χ, s,n) = χ(−1)ζp,E (χ, s,1− n)
= χ(−1)(2〈1− n〉1−sχ(1− n) − ζp,E(χ, s,2− n))
= χ(−1)
(
2
n−1∑
j=1
(−1) j+1χ( j − n)
〈 j − n〉s−1 + (−1)
n+1Lp,E (χ, s)
)
by using (1) and (2).
(4) By Corollary 4.3 we have
N−1∑
i=0
ζp,E
(
χ, s, x+ i
N
)
(−1)i =
N−1∑
i=0
pv−1∑
j=0
χ
(
x+ j + i
N
)
ζp,E
(
s,
x+ j + i/N
pv
)
(−1) j+i .
Setting a = Nj + i and using the fact that p  N and N is an odd positive integer, we have
N−1∑
i=0
ζp,E
(
χ, s, x+ i
N
)
(−1)i = χ−1(N)
Npv−1∑
a=0
χ(Nx+ a)ζp,E
(
s,
Nx+ a
Npv
)
(−1)a
= χ−1(N)ζp,E (χ, s,Nx)
using Corollary 4.3. 
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Theorem 4.12. Let χ be a character modulo pv . For |s|p < Rp and x ∈ Zp we have
∫
Zp
ζp,E(χ, s, x+ a)dμ−1(a) = 2(1− x)ζp,E (χ, s, x) + 2ζp,E(χω, s − 1, x).
Proof. From the deﬁnition and Corollary 4.3, we have
∫
Zp
ζp,E(χ, s, x+ a)dμ−1(a) = lim
N→∞
pN−1∑
i=0
ζp,E(χ, s, x+ i)(−1)i
= lim
N→∞
pN−1∑
i=0
( pN−1∑
j=0
χ(x+ i + j)ζp,E
(
χ, s,
x+ i + j
pN
)
(−1) j
)
(−1)i .
Setting n ≡ i + j mod pN in other words the unique n ≡ i + j mod pN such that 0 n < pN . We can
have only i + j = n or i + j = n + pN and the number of pairs (i, j) such that i + j = n is equal to
n + 1, which is the number of pairs such that i + j = n + pN is equal to pN − (n + 1). Let
S(N) =
pN−1∑
i=0
( pN−1∑
j=0
χ(x+ i + j)ζp,E
(
χ, s,
x+ i + j
pN
)
(−1) j
)
(−1)i .
We have ∫
Zp
ζp,E(χ, s, x+ a)dμ−1(a) = lim
N→∞ S(N)
and
S(N) =
pN−1∑
n=0
(−1)nχ(x+ n)
(
(n + 1)ζp,E
(
s,
x+ n
pN
)
− (pN − (n + 1))ζp,E
(
s,
x+ n
pN
+ 1
))
. (4.3)
By Theorem 3.10(1), we have
ζp,E
(
s,
x+ n
pN
+ 1
)
+ζp,E
(
s,
x+ n
pN
)
= 2〈x+ n〉1−s. (4.4)
By (4.4) we have
ζp,E
(
s,
x+ n
pN
+ 1
)
= 2〈x+ n〉1−s − ζp,E
(
s,
x+ n
pN
)
. (4.5)
Substituting (4.5) into (4.3) we have
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pN−1∑
n=0
(−1)nχ(x+ n)
(
(n + 1)ζp,E
(
s,
x+ n
pN
)
− (pN − (n + 1))(2〈x+ n〉1−s − ζp,E
(
s,
x+ n
pN
)))
=
pN−1∑
n=0
(−1)nχ(x+ n)(n + 1)ζp,E
(
s,
x+ n
pN
)
−
pN−1∑
n=0
χ(x+ n)(pN − (n + 1))2〈x+ n〉1−s
+
pN−1∑
n=0
(−1)nχ(x+ n)(pN − (n + 1))ζp,E
(
s,
x+ n
pN
)
=
pN−1∑
n=0
(−1)nχ(x+ n)pNζp,E
(
s,
x+ n
pN
)
−
pN−1∑
n=0
(−1)nχ(x+ n)(pN − (n + 1))2〈x+ n〉1−s.
By Corollary 4.3 we have
S(N) = pNζp,E(χ, s, x) −
pN−1∑
n=0
(−1)nχ(x+ n)(pN − (n + 1))2〈x+ n〉1−s.
From the above equality we have
lim
N→∞ S(N) = −2 limN→∞
pN−1∑
n=0
(−1)nχ(x+ n)(pN − (n + 1))〈x+ n〉1−s.
Since
pN−1∑
n=0
(−1)nχ(x+ n)(pN − (n + 1))〈x+ n〉1−s
=
pN−1∑
n=0
(−1)nχ(x+ n)(pN + x− 1− (x+ n))〈x+ n〉1−s
= pN
pN−1∑
n=0
(−1)nχ(x+ n)〈x+ n〉1−s +
pN−1∑
n=0
(−1)n(x− 1)〈x+ n〉1−sχ(x+ n)
−
pN−1∑
(−1)nχ(x+ n)ωv(x+ n)〈x+ n〉〈x+ n〉1−s
n=0
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pN−1∑
n=0
(−1)nχ(x+ n)〈x+ n〉1−s +
pN−1∑
n=0
(−1)n(x− 1)〈x+ n〉1−sχ(x+ n)
−
pN−1∑
n=0
(−1)nχω(x+ n)〈x+ n〉1−(s−1)
and
lim
N→∞ p
N
pN−1∑
n=0
(−1)nχ(x+ n)〈x+ n〉1−s = 0,
lim
N→∞
pN−1∑
n=0
(−1)n(x− 1)〈x+ n〉1−sχ(x+ n) = (x− 1)ζp,E(χ, s, x),
we have
− lim
N→∞
pN−1∑
n=0
(−1)nχω(x+ n)〈x+ n〉1−(s−1) = −ζp,E(χω, s − 1, x),
and ∫
Zp
ζp,E(χ, s, x+ a)dμ−1(a) = lim
N→∞ S(N)
= −2((x− 1)ζp,E(χ, s, x) − ζp,E(χω, s − 1, x))
= 2(1− x)ζp,E(χ, s, x) + 2ζp,E(χω, s − 1, x).
This completes the proof. 
Next we prove the following power series expansion in x of ζp,E(χ, s, x).
Proposition 4.13. Let χ be a character modulo pv for some v  1. For x ∈ pvZp we have the power series
expansion
ζp,E(χ, s, x) =
∞∑
k=0
(
1− s
k
)
Lp,E
(
χω−k, s + k)xk,
where Lp,E(χ, s) = ζp,E(χ, s,0) is the p-adic Euler L-function.
Proof. By deﬁnition, we have
ζp,E(χ, s, x) =
∫
Zp
χ(x+ a)〈x+ a〉1−s dμ−1(a)
=
∫
Z×p
χ(a)〈a〉1−s〈1+ x/a〉1−s dμ−1(a)
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∫
Z×p
∞∑
k=0
(
1− s
k
)
χω−k(a)〈a〉1−s−kxk dμ−1(a)
=
∞∑
k=0
(
1− s
k
)
xk
∫
Zp
χω−k(a)〈a〉1−s−k dμ−1(a)
=
∞∑
k=0
(
1− s
k
)
ζp,E
(
χω−k, s + k,0)xk
=
∞∑
k=0
(
1− s
k
)
Lp,E
(
χω−k, s + k)xk,
where Z×p = Zp \ pZp . This completes the proof. 
5. p-adic Euler L-functions
In this section, we shall deﬁne the p-adic Euler L-functions by using the p-adic Hurwitz-type Euler
zeta functions. First we recall some facts on the generalized Euler numbers which will be used in the
subsequent sections to study the properties for the p-adic Euler L-functions.
5.1. Generalized Euler numbers
We consider the following generating function
F (t, x) = 2e
xt
et + 1 . (5.1)
Expand F (t, x) into a power series of t:
F (t, x) =
∞∑
n=0
En(x)
tn
n! (5.2)
(see [3]). The coeﬃcients En(x), n 0, are called Euler polynomials.
We generalize the above deﬁnition of En(x) as follows: let χ be a primitive Dirichlet character χ
with an odd conductor f = fχ , and let
Fχ (t) = 2
f∑
a=1
(−1)aχ(a)eat
e f t + 1 , |t| <
π
f
, (5.3)
and
Fχ (t, x) = Fχ (t)ext = 2
f∑
a=1
(−1)aχ(a)e(a+x)t
e f t + 1 , |t| <
π
f
(5.4)
(see e.g. [12, p. 783]). Expanding these into power series of t , let
Fχ (t) =
∞∑
En,χ
tn
n! (5.5)
n=0
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Fχ (t, x) =
∞∑
n=0
En,χ (x)
tn
n! . (5.6)
Then En,χ (x) = ∑ni=0 (ni)Ei,χ xn−i for n  0. The coeﬃcients En,χ and En,χ (x) for n  0, are called
generalized Euler numbers and polynomials, respectively. It is clear from (5.3) that Fχ (−t) =
−χ(−1)Fχ (t), if χ = χ0, the trivial character. Hence we obtain the result as follows:
Proposition 5.1. If χ = χ0 , the trivial character, then we have
(−1)n+1En,χ = χ(−1)En,χ , n 0.
In particular we obtain
En,χ = 0 if χ = χ0, n ≡ δχ (mod 2),
where δχ = 0 if χ(−1) = −1 and δχ = 1 if χ(−1) = 1.
Let N be the least common multiple of p and f . Then by (5.3), we have
Fχ (t) = 2
∞∑
m=0
(−1)mχ(m)emt = 2
N∑
a=1
(−1)aχ(a) (e
a
N )Nt
eNt + 1 . (5.7)
Therefore, by (5.1), (5.2), (5.3), (5.5) and (5.7), we obtain the result as follows:
Proposition 5.2. Let N be the least common multiple of p and f . Then
En,χ = Nn
N∑
a=1
(−1)aχ(a)En
(
a
N
)
.
From (5.4), the generating function Fχ (t, x) is given by
Fχ (t, x) = 2
f∑
a=0
(−1)aχ(a)
∞∑
k=0
(−1)ke(a+x+ f k)t
=
∞∑
n=0
(
2
∞∑
l=0
(−1)lχ(l)(l + x)n
)
tn
n! . (5.8)
Comparing coeﬃcients of tn/n! on both sides of (5.6) and (5.8) gives
En,χ (x) = 2
∞∑
l=0
(−1)lχ(l)(l + x)n (5.9)
(see [12, p. 784]). In particular, if n 0 we have
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∞∑
l=0
(−1)lχ(l)(l + x+ N)n. (5.10)
By (5.9) and (5.10), we obtain the results as follows:
Proposition 5.3. Let N be the least common multiple of f and p. Then
N−1∑
r=0
(−1)rχ(r)(x+ r)n = En,χ (x) − (−1)
N En,χ (x+ N)
2
.
We can also represent the generalized Euler numbers using the fermionic p-adic integral I−1( f )
on Zp . Let χ be a character with conductor a power of p. Then by (2.6) and Proposition 5.2, we see
that
∫
Zp
χ(x)xn dμ−1(x) = lim
r→∞
pr+1−1∑
a=0
(−1)aχ(a)an
= lim
r→∞
p−1∑
k=0
pr−1∑
a=0
(−1)pa+kχ(pa + k)(pa + k)n
= pn
p−1∑
k=0
(−1)kχ(k)
∫
Zp
(
k
p
+ a
)n
dμ−1(a)
= pn
p−1∑
k=0
(−1)kχ(k)En
(
k
p
)
= En,χ (5.11)
is equivalent to
I−1
(
χ(x)xn
)= ∫
Zp
χ(x)xn dμ−1(x) = En,χ . (5.12)
Similarly, by (5.11) we have
I−1
(
χ(y)(x+ y)n)= ∫
Zp
χ(y)(x+ y)n dμ−1(y) = En,χ (x). (5.13)
Therefore we have the results as follows:
Proposition 5.4. Let χ be a primitive Dirichlet character with conductor a power of p. Then for n 0:
(1) I−1(χ(x)xn) =
∫
Zp
χ(x)xn dμ−1(x) = En,χ .
(2) I−1(χ(y)(x+ y)n) =
∫
Zp
χ(y)(x+ y)n dμ−1(y) = En,χ (x).
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In this subsection, we deﬁne the p-adic Euler L-functions and compute its value at negative inte-
gers.
Deﬁnition 5.5. Let χ be a primitive character of conductor f and let m be the least common multiple
of f and p. For s ∈Cp such that |s| < Rp = p(p−2)/(p−1) , we have
Lp,E (χ, s) = 〈m〉1−s
f−1∑
a=0
χ(a)ζp,E
(
s,
a
f
)
(−1)a,
where the p-adic Hurwitz-type Euler zeta function ζp,E(s, x) is deﬁned in Deﬁnitions 3.3 and 4.1 for
x ∈Cp . We deﬁne Lp,E(χ,1) = lims→1 Lp,E(χ, s), when the limit exists. In particular if χ is the trivial
character χ0, we set ζp,E (s) = Lp,E(χ0, s) = ζp,E(s,0) (see Theorem 4.10(3)).
Deﬁnition 5.6. (See [4, p. 302].)
(1) Let m ∈ Z>0. We deﬁne χ0,m to be the trivial character modulo 1 when p m, and to be the trivial
character modulo p when p |m. In other words, χ0,m(a) = 1 when p  a or when p | a but p m
and χ0,m(a) = 0 when p | a and p |m.
(2) If I ⊂ Z, we set
∑(p)
a∈I
g(a) =
∑
a∈I
pa
g(a).
In particular, if p |m we have
∑(p)
0a<m
g(a) =
m−1∑
a=0
χ0,m(a)g(a).
Lemma 5.7. (See [4, p. 302].) Let χ be a nontrivial primitive character of conductor f and let m be a common
multiple of f and p. Then
∑(p)
0a<m
χ(a) = 0.
Proposition 5.8. Let χ be a primitive character of an odd conductor f , let m be the least common multiple of
f and p, and let s ∈Cp be such that |s| < Rp .
(1) We have
Lp,E (χ, s) = 〈m〉1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a.
(2) If, in addition, p |m, we have
Lp,E (χ, s) = 〈m〉1−s
∑(p)
0a<m
χ(a)(−1)a〈a〉1−s
∞∑
i=0
(
1− s
i
)
mi
ai
Ei(0).
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Lp,E(χ,1) =
∑(p)
0a<m
χ(a)(−1)a.
Proof. (1) Writing a = kf + r, we have
〈m〉1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a
= 〈m〉1−s
f−1∑
r=0
χ(r)(−1)r
m
f −1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
kf + r
m
)
(−1)k. (5.14)
Case (I): If p m, then χ0,m is a trivial character modulo 1 by Deﬁnition 5.6. Using Theorem 3.10(3),
we have
m
f −1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
kf + r
m
)
(−1)k =
m
f −1∑
k=0
ζp,E
(
s,
r
m
+ km
f
)
(−1)k
= ζp,E
(
s,
r
f
)
.
Case (II): If p |m, then χ0,m is a trivial character modulo p by Deﬁnition 5.6. Thus we have
m
f −1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
kf + r
m
)
(−1)k =
m
f −1∑
k=0
p(kf+r)
ζp,E
(
s,
r
m
+ km
f
)
(−1)k.
Using Corollary 4.5, we obtain the following:
(a) Suppose p  f . Then r/ f ∈ Zp and
p  (kf + r) if and only if p  (r/ f + k).
Thus
m
f −1∑
k=0
p(kf+r)
ζp,E
(
s,
r
m
+ km
f
)
(−1)k = ζp,E
(
s,
r
f
)
. (5.15)
(b) If p | f , then χ0,m(kf + r) = χ0,m(r). We have
m
f −1∑
χ0,m(kf + r)ζp,E
(
s,
kf + r
m
)
(−1)k = χ0,m(r)
m
f −1∑
ζp,E
(
s,
r
m
+ km
f
)
(−1)k.k=0 k=0
3006 M.-S. Kim, S. Hu / Journal of Number Theory 132 (2012) 2977–3015If p | r, then
m
f −1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
r
m
+ km
f
)
(−1)k = 0. (5.16)
If p  r, then r/ f ∈ CZp . Thus by Theorem 3.10(3) and the deﬁnition of χ0,m(r), we have
χ0,m(r)
m
f −1∑
k=0
ζp,E
(
s,
r
m
+ km
f
)
(−1)k = χ0,m(r)ζp,E
(
s,
r
f
)
= ζp,E
(
s,
r
f
)
. (5.17)
Thus if p  f , substituting (5.15) to (5.14), we have
〈m〉1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a
= 〈m〉1−s
f−1∑
r=0
χ(r)(−1)r
m
f −1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
r
m
+ km
f
)
(−1)k
= 〈m〉1−s
f−1∑
r=0
χ(r)(−1)rζp,E
(
s,
r
f
)
= Lp,E (χ, s).
If p | f , substituting (5.16) and (5.17) to (5.14), we have
〈m〉1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a
= 〈m〉1−s
f−1∑
r=0
χ(r)(−1)r
m
f −1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
r
m
+ km
f
)
(−1)k
= 〈m〉1−s
f−1∑
r=0
pr
χ(r)(−1)r
m
f −1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
r
m
+ km
f
)
(−1)k
= 〈m〉1−s
f−1∑
r=0
pr
χ(r)(−1)rζp,E
(
s,
r
f
)
= Lp,E (χ, s),
since p | f and p | r, we have ( f , r) = 1, so χ(r) = 0, thus we get the last equality.
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Lp,E (χ, s) = 〈m〉1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a.
Since p |m, by Deﬁnition 5.6, we have
Lp,E (χ, s) = 〈m〉1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a
= 〈m〉1−s
∑(p)
0a<m
χ(a)ζp,E
(
s,
a
m
)
(−1)a. (5.18)
Also since in the above equality, p  a and p |m, we obtain
a
m
∈ CZp .
By Theorem 3.6, we have
ζp,E
(
s,
a
m
)
=
〈
a
m
〉1−s ∞∑
i=0
(
1− s
i
)
Ei(0)
mi
ai
. (5.19)
Substituting (5.19) to (5.18), we have
Lp,E (χ, s) =
∑(p)
0a<m
χ(a)(−1)a〈a〉1−s
∞∑
i=0
(
1− s
i
)
mi
ai
Ei(0).
(3) Since p |m, by (2), we have
Lp,E (χ,1) =
∑(p)
0a<m
χ(a)(−1)a
and the result is established. 
Next we compute the values of p-adic Euler L-functions at negative integers.
Proposition 5.9. Keep the above assumptions.
(1) The function Lp,E(χ, s) is a p-adic analytic function for |s| < Rp.
(2) For k ∈ Z1 , we have
Lp,E (χ,1− k) =
(
1− pkχk(p)
)
Ek,χk ,
where χk = χω−k and χ = χ0 , the trivial character.
(3) If χ is an even character, then the function Lp,E(χ, s) is identically equal to zero.
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Lemma 1 in [7, p. 19] we conclude that for Dirichlet characters with odd conductor the deﬁnition
of p-adic Euler L-functions in this paper is equivalent to the ﬁrst author’s previous deﬁnition in [11]
following Kubota–Leopoldt’s approach.
Proof of Proposition 5.9. (1) By deﬁnition of Lp,E(χ, s), Theorem 3.6 and Proposition 4.7, the result
follows.
(2) Let m be the least common multiple of p and f . Then by Proposition 5.8(1), we have
Lp,E (χ,1− k) = 〈m〉k
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
1− k, a
m
)
(−1)a.
Since p |m, by Deﬁnition 5.6(2), we have
Lp,E(χ,1− k) = 〈m〉k
∑(p)
0a<m
χ(a)ζp,E
(
1− k, a
m
)
(−1)a. (5.20)
Also since p  a and p |m, we have a/m ∈ CZp . Using Theorem 3.8(2) we have
ζp,E
(
1− k, a
m
)
= 1
ωkv(
a
m )
Ek
(
a
m
)
, (5.21)
where Ek(x) are the Euler polynomials. Substituting (5.21) to (5.20), we have
Lp,E (χ,1− k) = 〈m〉k
∑(p)
0a<m
χ(a)(−1)a 1
ωkv(
a
m )
Ek
(
a
m
)
= 〈m〉kωkv(m)
∑(p)
0a<m
(−1)aχω−kv (a)Ek
(
a
m
)
.
Since p  a, we have
ωv(a) = pv(a)ω
(
a
pv(a)
)
= ω(a).
Thus if χ = χ0, by Proposition 5.2, we have
Lp,E (χ,1− k) = 〈m〉kωkv(m)
∑(p)
0a<m
(−1)aχω−k(a)Ek
(
a
m
)
= 〈m〉kωkv(m)
(
m−1∑
a=0
(−1)aχω−k(a)Ek
(
a
m
)
−
m−1∑
a=0
p|a
(−1)aχω−kv (a)Ek
(
a
m
))
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(
mk
m−1∑
a=0
(−1)aχω−k(a)Ek
(
a
m
)
− pkχω−k(p)
(
m
p
)k mp −1∑
a=0
(−1)aχω−k(a)Ek
(
a
m
p
))
= (1− pkχk(p))Ek,χk ,
where χk = χω−k .
(3) From Deﬁnition 5.5, we have
Lp,E (χ, s) = 〈m〉1−s
f−1∑
a=0
χ(a)ζp,E
(
s,
a
f
)
(−1)a.
Let b = f − 1 − a, and let χ be an even character. Then by Theorem 3.10(2) and Theorem 4.10, we
have
Lp,E(χ, s) = 〈m〉1−s
f−1∑
b=0
χ( f − 1− b)ζp,E
(
s,
f − 1− b
f
)
(−1) f−1−b
= 〈m〉1−s
f−1∑
b=0
χ(1+ b)ζp,E
(
s,
1+ b
f
)
(−1)b
= 〈m〉1−s
f∑
b′=1
χ
(
b′
)
ζp,E
(
s,
b′
f
)
(−1)b′(−1),
so Lp,E(χ, s) = −Lp,E(χ, s). Therefore Lp,E(χ, s) = 0 if χ is an even character. 
5.3. p-adic Euler L-function at positive integers
In this subsection we study the behavior of p-adic Euler L-functions at positive integers following
Cohen’s approach in Section 11.3.3 of [4]. We show that most of the results in Section 11.3.3 of Co-
hen’s book are also established if we replace the generalized Bernoulli numbers with the generalized
Euler numbers.
Proposition 5.11. Let f be an odd integer, let χ be a primitive character modulo f , and let m be the least
common multiple of f and p.
(1) For k ∈ Z\{0}, we have
Lp,E (χ,k + 1) = lim
N→∞
∑(p)
0n<mpN
χωk(n)
(−1)n
nk
.
(2) We have
Lp,E(χ,1) = E0,χ ,
where E0,χ is deﬁned in (5.5).
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ζp,E
(
k + 1, a
m
)
= ωkv
(
a
m
)∫
Zp
1
( am + j)k
dμ−1( j)
= ωkv
(
a
m
)
lim
N→∞
pN−1∑
j=0
(−1) j
( am + j)k
= ωkv
(
a
m
)
mk lim
N→∞
pN−1∑
j=0
(−1) j
(a +mj)k
= ωkv(a)
mk
ωkv(m)
lim
N→∞
pN−1∑
j=0
(−1) j
(a +mj)k . (5.22)
So that, by Deﬁnition 5.6(2) and Proposition 5.8(1), we have
Lp,E (χ,k + 1) = 〈m〉−k
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
k + 1, a
m
)
(−1)a
= 〈m〉−k
∑(p)
0a<m
χ(a)ζp,E
(
k + 1, a
m
)
(−1)a. (5.23)
Thus if we set
n =mj + a, where 0 j  pN − 1, 0 am − 1, p  a,
then
0 nmpN − 1, and p m.
Substituting (5.22) to (5.23), since f is an odd integer and m is the least common multiple of f and
p, we have
Lp,E (χ,k + 1) =
∑(p)
0a<m
χ(a)ωkv(a)(−1)a lim
N→∞
pN−1∑
j=0
(−1) j
(a +mj)k
=
∑(p)
0a<m
χ(a)ωkv(a) lim
N→∞
pN−1∑
j=0
(−1) j+a
(a +mj)k
=
∑(p)
0a<m
χωk(a) lim
N→∞
pN−1∑
j=0
(−1)ma+ j
(ma + j)k
= lim
N→∞
∑(p)
0n<mpN−1
χωk(n)
(−1)n
nk
. (5.24)
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Lp,E(χ,k + 1) =
f−1∑
a=0
χ(a)ζp,E
(
1,
a
f
)
(−1)a
=
f−1∑
a=0
χ(a)(−1)a
= E0,χ .
This completes the proof. 
Corollary 5.12. Let k ∈ Z\{0}. If χ is a primitive character modulo a power of p, then we have
Lp,E(χ,k + 1) =
∫
Z×p
χωk(x)
xk
dμ−1(x).
In particular,
Lp,E
(
ω−k,k + 1)= ∫
Z×p
1
xk
dμ−1(x).
Proof. If f is a power of p, that is f = pv , then we have
Lp,E (χ, s) =
pv−1∑
a=0
χ(a)ζp,E
(
s,
a
pv
)
(−1)a
= ζp,E(χ, s,0)
= p,E(χ, s)
by Corollary 4.3 and Remark 4.11. Thus
Lp,E (χ, s) = p,E(x,k + 1)
= ζ(χ, s,0)
=
∫
Zp
χ(x)〈x〉−k dμ−1(x)
=
∫
Z×p
χ(x)〈x〉−k dμ−1(x)
=
∫
Z×p
χωk(x)x
−k dμ−1(x)
=
∫
Z×p
χωk(x)
xk
dμ−1(x).
This completes the proof. 
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we have
Lp,E(χ,k + 1) = lim
r→∞ EΦ(pr)−k,χωk .
In particular,
lim
r→∞ EΦ(pr)−k(0) = Lp,E
(
ω−k,k + 1).
Proof. Denote χk = χω−k . Since Lp,E(χ, s) is a continuous function of s, for all k ∈ Z, we have
Lp,E(χ,k + 1) = lim
r→∞ Lp,E
(
χ,k + 1− Φ(pr))
= lim
r→∞ Lp,E (χ,1−
(
Φ
(
pr
)− k))
= lim
r→∞
(
1− pΦ(pr)−kχΦ(pr)−k(p)
)
EΦ(pr)−k,χωk−Φ(pr )
using Proposition 5.9. Since
ωΦ(p
r) = ωpr−1(p−1) = 1 and χΦ(pr)−k = χωk−Φ(pr) = χωk,
thus
Lp,E(χ,k + 1) = lim
r→∞ EΦ(pr)−k,χωk .
This completes the proof of the proposition. 
Deﬁnition 5.14. For k ∈ Z, we deﬁne the p-adic χ -Euler numbers by
Ek,p,χ = lim
r→∞ EΦ(pr)+k,χ = Lp,E
(
χωk,1− k).
Proposition 5.15. Assume that the conductor of χ is a power of p. Then for k ∈ Z, we have
Ek,p,χ = lim
r→∞
∑(p)
0n<pr
χ(n)nk(−1)n =
∫
Zp
χ(x)xk dμ−1(x).
Proof. We have
Ek,p,χ = Lp,E
(
χωk,1− k)
=
∫
Z×p
χ(x)xk dμ−1(x)
= lim
r→∞
∑(p)
0n<pr
χ(n)nk(−1)n
using Corollary 5.12. Thus
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r→∞
∑(p)
0n<pr
χ(n)nk(−1)n =
∫
Zp
χ(x)xk dμ−1(x).
This completes the proof. 
Proposition 5.16.
(1) If χ(−1) = (−1)k, then we have
Ek,p,χ = 0.
(2) If k 1, then we have
Ek,p,χ =
(
1− pkχ(p))Ek,χ .
(3) Let m be the least common multiple of f and p, and set
Hn(x) =
∑(p)
0a<m
χ(a)
an
(−1)a.
If k 1 and χ(−1) = (−1)k−1 , we have
E−k,p,χ =
m∑
i=0
(−1)i
(
k + i − 1
k − 1
)
miEi(0)Hk+i(x).
(4) For all k, we have vp(Ek,p,χ ) 0.
Proof. (1) If χ(−1) = 1 and k ≡ 0 (mod 2), then Φ(pr) + k ≡ 0 (mod 2). By Proposition 5.1, we have
EΦ(pr )+k,χ = 0, thus
Ek,p,χ = lim
r→∞ EΦ(pr)+k,χ = 0.
If χ(−1) = −1 and k ≡ 1 (mod 2), then Φ(pr) + k ≡ 1 (mod 2). By Proposition 5.1, we have
EΦ(pr )+k,χ = 0, thus
Ek,p,χ = lim
r→∞ EΦ(pr)+k,χ = 0.
(2) By Proposition 5.9(2) and Deﬁnition 5.14, we have
Ek,p,χ = Lp,E
(
χωk,1− k)= (1− pkχ(p))Ek,χ .
(3) By Proposition 5.8, we have
Lp,E
(
χω−k,k + 1)= 〈m〉−k ∑(p)
0a<m
χω−k(a)(−1)a
〈
a
m
〉−k ∞∑
i=0
(−k
i
)
mi
ai
Ei(0)
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∑(p)
0a<M
χk(a)(−1)a〈a〉−k
∞∑
i=0
(−k
i
)
mi
ai
Ei(0)
=
∞∑
i=0
(−k
i
)
miEi(0)
∑(p)
0a<m
χk(a)(−1)a 〈a〉
−k
ai
=
∞∑
i=0
(−k
i
)
miEi(0)
∑(p)
0a<m
χω−k(a)(−1)a ω
k(a)
ai+k
=
∞∑
i=0
(−k
i
)
miEi(0)
∑(p)
0a<m
χ(a)(−1)a 1
ai+k
.
By Deﬁnition 5.14(1), we have
E−k,p,χ = Lp,E
(
χω−k,k + 1)
=
∞∑
i=0
(−k
i
)
mi Ei(0)Hk+i(x)
=
∞∑
i=0
(−1)i
(
k + i − 1
k − 1
)
miEi(0)Hk+i(x).
(4) We have
vp(Ek,χ ) = vp
(
Nk
N∑
a=1
(−1)aχ(a)Ek(0)
(
a
N
))
 min
1aN
vp
(
Nk(−1)aχ(a)Ek(0)
(
a
N
))
= min
1aN
vp
(
Nk(−1)aχ(a)
k∑
j=0
(
k
j
)(
a
N
) j
Ek− j(0)
)
 min
1aN
0 jk
v p
(
Nk(−1)aχ(a)
(
k
j
)(
a
N
) j
Ek− j(0)
)
 0
proving (4). 
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